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Priority queue ADT
« A pririty queue is a collection, an abstract data type, thatstores items

« The items in a priority queue are key-zalte pairs
P of theitem,

actual data

« The interface of a priority queue is similar to a standard queue

« Instead of the firstitem entered into the queue, the item with the highest
priority (minimum or maximum key value) is removed from the priority
queue

« Priority queues have many applications ranging from data compression to
discrete optimization

« We will see their application to sorting (this lecture) and searching on graphs
(later)

Priority queues

Key operatons

insert(k, v) Similar to enqueve (), inserts the value v with priority k into the

queue

remove() Similar to dequeue (), removes and returns the item with highest
riorit

priority

« This operation is often called renove_nin() or remove_nax!

0

depending on minimum or maximum key value is considered

having the highest priority

Priority queues

Example operaton

Operation_ Return value _Priority queue

insert(5, a) {(5a)}
((5a), (9}

insert(3,b) ((54), (90), (35}
insert(7, d; {(5a), (9.¢), (3b), (7.d)}
remove() o {(54), (3b), (7.d)}
remove() 4 (G, Go)
move() a @b
removel) b0

Priority queue implementation

Priority queue implementation

snsert(9,v)

Priority queue implementation
unsorted st

incert (4,v)

Priority queue implementation
unsortd lt

snsort(1,v)

head {T]

Priority queue implementation

nsorted It

Priority queue implementation

remove_max()

head 1]

« Insert: O[1)
+ Remove: O(n)

Priority queue implementation

Priority queue implementation

insert(9,v)

head -{9]—{s}




Priority queue implementation Priority queue implementation
soned e

insert(4,v) insert(1,v)

head {7 head

Priority queue implementation Priority queue implementation
conedi sredi
9. ranove_sax() 8¢ ranove_nax()

head -]

| head

+ Insert: O[n)
+ Remove: O[1)

Priority queue implementation Binary heaps

soned st

8 remove_sax cA y
=0 relation. A binary heap has two properties:
1. Shape: a binary heap is a complete binary tree

head il el th e, ecept possiythe o, full

© il cnpty sl (1 any) are o the ightof th flld nodes at thelowest el
2. Heap order

« maxheap Parent’keys are larger than hildrens eys.

« min heap Parents Keys are smalerthan childre' keys.

« Insert: O(n]
« Remove: O(1)

We can do better on average (coming soon).

Height of a binary heap Adding an new item to a binary heap

« Height of a binary heap s [lozn|

»
2 + Add the new element to the
8 fistavailable slot
» + "Bubble up” until the heap
» property is satisfied
2 « Atmosth = logn
comparisons/swaps.
B parisons/swap:

« Atleast 2" nodes = h < logn
« Atmost2"*! 1 nodes = h > log(n + 1)~ 1

Adding an new item to a binary heap Adding an new item to a binary heap

dd the new element to the
fist available slot

+ “Bubble up” until the heap
property is satisfied

+ Atmosth=logn
comparisans/swaps

+ Add the new element to the
fist available slot

« “Bubble up” until the heap
property s satisfied

« Atmosth = logn
comparisons/swaps

Adding an new item to a binary heap. Adding an new item to a binary heap

+ Add the new element to the
fist available slot

+ “Bubble up” until the heap
property is satisfied

« Atmosth
comparisons swaps

+ Add the new element to the
fst available slot

« “Bubble up” until the heap
property is satisfied

« Atmosth = logn
comparisons/swaps

ogn




Adding an new item to a binary heap. Removing the min/max from a binary heap

Add the new element to the
fistavailable slot
+ “Bubble up” until the heap
property is satisfied.

« Atmosth=logn
comparisons/swaps

The item to be removed is at
the root

We replace raot with the
clement at the last slot
“Bubble down” until the
heap property is satsfied

Removing the min/max from a binary heap Removing the min/max from a binary heap

]

®
( S ——
e
I
e

« The item to be removed is at

the root
We replace raot with the
element at the last slot

+ “Bubble down” until the

heap property is satsfied

Removing the min/max from a binary heap Removing the min/max from a binary heap

+ The tem to be removed is at
the root

+ We replace root with the
clement at the last slot

+ “Bubble down” uniil the
heap property is satisfied

The item to be removed is at
the root

We replace root with the
clement at the st slot

« "Bubble down’” until the
heap property is satisfied

Removing the min/max from a binary heap Array based implementation of heaps
. heaps can armay

« Asany
data structure

« The item to be removed is at
the root

+ We replace root with the
clement at the st lot
+ “Bubble down” until
heap property i satised

Bottom-up heap construction

Bottom-up heap construction
onstraton with: 3,1, 58,72,52,15,64,2,8 (12 tems

« For n items, we can construct a heap by inserting each key to the heap in
Olnlogn) time

<liwe . there i a bottom-up om)
time
1
[T—
2. Fill th nent lve, "bubble down” f ecessary .
> R i wsz‘mv:z\x
o tant

Implementing priority queues with binary heaps Python standard heap implementation

« Python standard heapq module allows maintaining a lst (array) based heap

+ Binary heaps provide a straightforward implementation of priority queues - ppush(h, o) inserta into heaph

~ The heappop(h) return the minimum value from heap b

Implementation insert() _remove()

Unsorted bt O[1) ) o

Soriedlit  O(n)  O[1) 3 s, Ty

Binary heap  Oflogn) _Oflogn) % bepposhia, G “,,..w.f.‘:"’i“’“ e
> it & RN

it cata 12 saporeane’)
ety Saporant S
a3

« Some improvements are possible, such as (:m;»‘ e, o
¢ heaps: Ol ) insert, O(dlog, ) remove B

~ day heaps:
 Ficnaca peaps: O] inset, Ol emove

ense 52 quice saporease 001,

uicly taportamt?), (5, “thin fn




Sorting with priori

queues Insertion sort with priority queue
Step 1 insert the tems 0.2 priorty queue
ina priortty a he

givenartay

There with t hand ting
algorthms

e

i s s e g gt 0 ot O

164 abinary heap e g% o D{log ) agortm (heap s

rentuogutél)
({7 s {o}{7]

Step 2: simply remove each item from the priority queue

Selection sort with priority queues Sorting with heaps
priontyqueues mplemente with unsored s sortng 7 2t tempt
Step 1 insert the items o a priorty queue

Tomove(@in0)
B-{s}-{a-f}z}

Step 2 simply remove e

« The idea is simple: as before, insert
allitems to the
hitem f

« Remove them in order
the priority queue

def heap_sort (seq)
heap = 1
+ Complexity of O(n logn) for item in seq
* Howors, N epmmehciien
- not stable SeeLiitafsanasle
ot inplac:neds Ol x
space (we canfix this)

o)
seqli] - heappopneap)

In-place heap sort

step 1 botom-up

In-place heap sort
capconstructon-srtng 7 tep 2 leraively removeth i semen, place  a he

®
OGN O]
® 0 d
® @
[o]

Heap construction: O(n) + n xesove_a1a(): Ofnlogn) = Ofnlogn)
In-place heap sort In-place heap sor
top 2 ferativelyremovs th maxtmu slemen,place 1 th end tep 2 leratively remaveth matmum semen,plac 3 the e

@
@ ®
® O
Heap construction: O(n) + 1 zesove_nsn(): Onlogn) = O(nlogn)

Heap construction: O(n) + nx xesove_ain(): Ofnlogn) = Ofnlogn)
In-place heap sort In-place heap sort
i 2 teativelyremove the i clement, place it the end step 2 Heratively remavethe maximum semen, plac  a he e
Heap construction: Ofn) + 1 renove_nin(): Ofnlogn) = Oln logn) Heap construction: O(n) + nx xenove_min0): O(nlogn) = Ofnlogn)
In-place heap sort In-place heap sort
step: teratively removs the matmum elemen,lace i th end step 2 Herativelyremoveth i cement, plac  a he end
Heap construction: O[n) + nx renove_min(); Ofnlogn) = O(n logn) Heap construction: O(n) + n renove_min(): O(nlogn) = Olnlogn)




In-place heap sort

step 2 erativly remove the maximum element,place it the end

Heap construction: O(n) + nx remove_nin(): O(nlog

Olnlogn)

In-place heap sort

St 2 eraively remove the maxium element, plac i a the end

Heap construction: O(n) + nx remove_sin(: O{nlogn) = O(nlogn)

In-place heap sort

tep 2 eraively remove the maximum lement, plac t at the end

In-place heap sort

St 2 eraively remove the maximum element, place it a the end

®

Heap construction: O(n) + nx xesove_sin(): O(nlogn) = Olnlogn)

In-place heap sort

Step 2 eraively remove the maximum element, plac 1 at the end

Heap constructon: O(n] + nx rasove_sin(): Ofnlogn) = Olnlogn)

A summary of sorting algorithms so far

Algorithm __ worst_average_best __memory _in-place _stable
Bubblesort  n?  n? n 1 yes  yes
Selectionsort n?  n? n1 Y no
Insertionsort 2 n? n 1 ves  yes
Mergesort  nlogn nlogn  nlogn n no yes
Quicksort 2" nlgn  nlogn logn  yes  no
Bucketsort n?  nik n n o yes
Heapsort  nlogn nlogn 1 yes o
imsort nlogn nlogn  n n o yes
nlogn nlogn  n 1 yes  yes

Summary

+ A priority queue is a useful ADT for many purposes.
« Binary heaps implement priority queuies efficiently
+ Heap sort based on priority qt

Acknowledgments, credits, references

with heaps (Goodrich, Tamassia, and Goldwasser 2013, ch. 9) ‘Goodrich, Michael T, Roberto Tamassia, and Michael H. Goldwasser (2013).
Next Data Structures and Algorithms in Python. John Wiley & Sons, Incorporated. 1
« Graphs s
+ Reading: Goodrich, Tamassia, and Goldwasser (2013, chapter 14)
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