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Languages and automata

. by a grammar
question in computer science

<y  required propy
depends on the grammar (and the language)
« Awellknown hierarchy of in comp and
linguistics s the Chomsky lirarchy
sky abstract

computing device (an automaton)
are

- The
automata

How to describe a language?

Formal grammars

A formal grammar is a finite specification of a (formal) language.
s i

° guage, we can
(conceivably) list allstrings

« How to define an infnite language?

« Is the definition (ba, baa, baaa, baaaa, ..} ‘formal enough'?

+ Using regular expressions, we can define it as baa

« But we wil introduce a more general method for defining languages

Phrase structure grammars

« A phrase structure grammar is a generative device
.l by th the string s in the language
« The s all and in the language

“A

P
I Asetof terminal symbols
N A set of no-terminal symbols
§ N A special non-terminal, called the sart symbol
R A set of rewrit rules o production rulesof the form;
aop

which means that the sequence o« can be rewritten as B (both and f are
Sequences of terminal and non-terminal symbols)

Chomsky hierarchy and automata

Regular grammars: definition

A regular grammar i a tuple G = (Z,N, . R) where

o e Rl Autonata £ isan alphabet of terminal symbols
Unrestricted grammars =p Turing machines N are st of non-terminal symbols
(er—— ——— § is 2 special start symbol & N
e theed earbaundedaniona R is et of rewrite rules following one of the folloeing patterns (4,5 € N,
Context free grammars e Pushdow automata @& I, s the emptysting)
Lef regular Right reglar
Regular grammars Aa A ) f ] [
Aa | ABa L Ao L Ae
2Aaba 2 AaB
3 Aoe S Ae

Regular languages: some properties/operations

Concatenation of two languages £ and £2: any sentence of £1 followed by
any sentence of L.
£* Kloene sar of.£: € concatenated with self 0 or more times

Three ways to define a regular language

Reverse of £: reverse of any string in £ « AL
T Complement of £: all strings in £} except the ones in £ (£} — £) - Al if there is an FSA
4022 Union of anguages 1 and £ srings thatare in any ofthe languages - AL lar if 5 the language
£171£; Intersection of languages £ and £2: strings that are in both languages
Regular Iangusges are closed under all of these operations.

Regular expressions

+ Every regular language (RL) can be expressed by a regular expression (RE),
and every RE def

+ AREo defines a RL £(o)

+ Relations betuween RE and RL.

: - clals) = £(a) UL(B)

(Gome author use the nofation a+b,
Wwewil use b as in many practcsl
implementations)

where, a,b € , ¢ is empty string, & is the language that accepts nothing (e 5.,
= )

« Note: no standard complement and intersection in RE

Regular expressions

and some extensions

+ Kleene star (a), concatenation (ab) and union (a b) are the basic operations

o e used » P Oth the priorty.
of the operators are as listed above: abes = 2l (b(c*))

« In practice some short-hand notations are common

-~ e =L - Glble)

1819)

g ~\a= il
- el = Galble) -

ke (as)BAL negexpis
used for expressions with non-regular extensions)

Some properties of regular expressions
Vool et o implitio eghls ersions

@wlv

wvlu An exercise

Simplify alabe
alab

o e e
(s =us Note: some of these are direct statements of Kleene.

Converting regular expressions to FSA

« For more complex expressions, one can
replace the paths for individual symbols

« Using ¢ transitions may case the task
+ The reverse conversion (from automata to
regular expressions) i also easy:
= identify the paterns on the left, collapse:
paths fosingle transitions with regular
expressions.

@l = G lvr
usle=




Exercise
comvertbC(a5)+13) toan NEA

Exercise
convert b((ab+1a) to an NFA

Exercise
convertb((a8)+12) to an NFA

(ab)e

Exercise
convert b((ab+12) to an NFA

Exercise Converting FSA to regular expressions
ConvertC(ab)+12)foan NFA
o lidea: remove labels with
regular expressions

« The general idea: remove (intermediate) states, replacing edge labels with
regular expressions

Converting FSA to regular expressions

(blbb)(ab)* (blaa)

alab)*aa
ba

« The general idea: remove (intermediate) states,replacing edge labels with
regular expressions

Converting FSA to regular expressions

alab)*aalafab) bl

(blbb)(ab)* (blaa)lba

« The general idea: remove (intermediate) states, replacing edge labels with
regular expressions

Converting FSA to regular expressions

O mwebr e aiab aiataw b7

« The gencral idea: remove (intermediate) states, replacing edg labels with
regular expressions

Converting FSA to regular expressions

O b b FlaaToa) alabT sl by

« The general idea: remove (intermediate) states, replacing edge labels with
regular expressions
An exercise: simplify the resulting regular expressions

Two example FSA

whatlanguages dothey accept

Odd number of s over {a, b).

Odd number of b's over (a, b).

‘We will use these languages and automata for demonstration.




Pm—— PR,

Concatenation Kleene star

« What if there were more than one accepting states?

ST—— [o—

Reversal Complement

b
—o
T S
Union Intersection
[
L
b1y or
oL
b
]

Closure properties of regular languages Wrapping up

« FSA and regular expressions express regular languages
« Regular languages and FSA are closed under

of T are FSA: Reg ~ Concatenation - Reversal
medunder ~ Keenesir  Cnion
=C  Complement  Inemecton
Z Reversal + Toprovea ; finda pression or
- Complment A forit
“Uen  To prove  langrage s not regelar,we can use pumping emma (see

Appendix)
Next
< FT
Acknowledgments, credits, references Another exercise on intersection
e rom Hoperat, Mowans B
by
o s, and
Hoperoft and Ullman (1979) (there are recent editions )
B Hopcroft, John E. Rajeev Motwari,and Jefiey D. Ullman (2007). ntocucton
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Is a language regular? Pumping lemma

« Toshow that a language is regular, it i sufficient o find an FSA that
izes it

+ Showing that a language is ot egular is more involved o -
+ Whatisthe length of longeststring generated by this FSA?
+ We wil tudy a method based on pumping lemma . el '

« Any Fs: \guage has to have a loop.
recursive rule(s) in the grammar)

same subsiring (‘i above)




Pumping lemma How to use pumping lemma

defintion
For every regular language L, there exist an integer p such that a string x € L can

be factored as x = wvw,
CwhweLWz0 + We use pumping lemma to prove that a language is not regular
avie + Proof is by contradiction:
“hwi<p ~ Assume the language i regula
- i st i e angaage for alspls ofx = uvw atleast cne of the
g e conditions o nothold
s
Clwep

Pumping lemma example

prove L g s ok regular

+ Assume Lis regular: there must be a p such that, if ww s in the language
wwe L

3wy
« Pick the string a”b”
« For the sake of example, assume p = 5, x = agaaabbbbb
« Three different ways to split
a_gagabbbbb violates 1

sty
unun\nb/bbhh violates 1 &3
adcaabbbb. b violates 1&3
focadbbb b
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